Abstract. Weak spots in the aneurysm could be identified estimating the regional stiffness of the wall. Our approach consists in defining a parametric biomechanical model of the vessel which, given the patient's vascular morphology and the blood in-and outflow obtained from non-invasive imaging as well as parameters describing the local elasticity of the wall, enables the computation of the theoretical deformed wall position. The distance between this latter and the one obtained from the aneurysm pulsation is iteratively minimized in order to estimate the optimal set of stiffness parameters. In order to reduce the number of variables to estimate, the aneurysm morphology is clustered into a limited number of regions with uniform stiffness. A random noise perturbation (<5mm) is applied to the reference deformations and strains, showing that the robustness of the clustering decreases to 75% and errors of the stiffness estimates remain below 10% of the reference values.
Introduction
A cerebral aneurysm is a vascular disease in which the weakness of the cerebral artery wall causes a localized dilation of the blood vessel and occasionally its rupture thus leading to stroke. The assessment of the aneurysm elasticity may allow the identification of potential rupture sites such as blebs [1] before a noticeable modification of the aneurysm shape and the periodical survey of structural changes of the wall predict disease progression. Although non-invasive estimation of tissue elasticity in vivo in other vascular segments has been demonstrated [2] , these techniques have limited applicability in intracranial segments due to limited imaging resolution [1] since aneurysmal wall motion would require high spatio-temporal accuracy in 3D to be detected.
The elastic properties of vessels can be deduced indirectly using an inverse problem formulation. In our application, the inverse problem framework will consist in estimating the mechanical parameters of a biomechanical model of the aneurysm based on non-invasive measurements of the dynamic pulsation and blood flow. The first theoretical framework addressed to the elasticity estimation of cerebral aneurysms has recently been proposed by Kroon and Holzapfel [3] . The authors present a numerical model characterized by a spherical shape discretized into a small number of mesh elements and by boundary conditions based on a uniform distribution of the pressure along the surface. The feasibility of their approach was shown on synthetic data.
In this work, we present a more realistic approach for the estimation of regional aneurysmal stiffness where, for the first time, patient-specific morphology and inflow curves are used to solve for the model parameters. For doing so, patient-specific vascular morphology and inflow curves are introduced into a biomechanical model of the arterial segment. Furthermore, we propose to couple fluid-dynamic and structural equations so that the non-uniform pressure distribution of the blood is taken into account for generating realistic wall pulsation.
The difficulty of reliably measuring the aneurysm 3D wall motion in vivo has lead us to the use of finite element analysis to generate the reference measurements needed to evaluate the proposed framework, considering the morphology and flow variations obtained from the patient. We made the assumption that the membrane had a piecewise distribution of uniform stiffness since different regions present different degree of rupture fragility. Therefore, we divided the aneurysm surface in three regions, namely the vessel (very low rupture risk), the bleb (high rupture risk) and the dome (low rupture risk), as shown in Figure 1 . These regions of different elastic parameters will be recovered at the model parameter optimization stage with a region clustering technique applied to the strain maps of the measurements, which considerably speeds up the parameter optimization stage. In order to evaluate the accuracy of these registration techniques needed for elasticity estimation purposes, the robustness of the proposed inverse problem framework is studied by applying random noise perturbations to the deformation field and strain maps of the reference measurements. 
Method
Estimations of elasticity are obtained using an inverse problem formulation. A parametric biomechanical model of the vessel, given the definition of the initial shape obtained from angiographic imaging, boundary flow conditions based on the patient's blood inflow curve and a parameterization of the local elasticity of the wall, enables the computation of the theoretical deformed shape corresponding to such settings. The distance between this simulated deformed shape and the one obtained from wall motion measurements capturing the aneurysm pulsation is iteratively minimized in order to estimate the optimal set the biomechanical parameters (i.e. stiffness values). Finally, in order to reduce the number of parameters to estimate, the aneurysm shape is automatically clustered into a limited number of regions with uniform stiffness, corresponding to zones having different tissue characteristics.
Biomechanical model
The biomechanical model generates a deformation field that will be applied to the initial aneurysm mesh, considered as the geometry at rest position, in order to obtain the surface of the aneurysm during the pulsation. This is achieved by coupling fluiddynamic equations describing the haemodynamics inside the vessel with structural equations describing the surface pulsation. The equations of the biomechanical model are solved by finite element analysis using the COMSOL Multiphysics® v3.4 (COM-SOL Inc., Burlington, MA, USA) 1 software. The relation between blood velocity and pressure for complex geometries and flow regimes is described by the Navier-Stokes non-linear equations:
where v is the time-dependent flow velocity at a point in 3D space, p is the hydraulic pressure, ρ is the mass density of blood andη is the kinematics viscosity of the medium. In order to estimate the blood pressure and the flow velocity inside the vessel, the gradients of the velocity (v ∆ ) and pressure (p ∆ ) between systole and diastole are defined as boundary conditions at the inlet and outlet of the vessel, respectively. Following the energy conservation principle, the hydrodynamic pressure calculated at each point of the surface is then dynamically applied to the aneurysm surface as a mechanical load along the cardiac cycle. The relationship between hydraulic pressure, wall tangential stress ( σ ), local curvature ( κ is the curvature radius) and thickness of the membrane wall (h) is described by the Laplace's law: / p h σ κ = ⋅ . In this application, the membrane kinetics is modelled by the Hooke's law, which relates the stress and strain ( ε ) tensors through the Young's modulus ( E ): E σ ε = ⋅ Hence, the aneurysm wall is defined as linear elastic and isotropic material since we assume it undergoes small deformations, as proved by the fact they can hardly be detected using the existing imaging devices. The aneurysm wall is usually characterized by a thin membrane [3] , thus we modelled it as a shell object in which the surface is composed by triangles {Argyris, 1968 #227} and the thickness is then a variable of the mesh element. As a consequence, the stiffness of a shell element * E will be obtained as the product between the Young's modulus and the thickness of the wall. Using such a surrogate of elasticity, which represents the composite stiffness of the three arterial tunicae, a membrane element with a low stiffness corresponds either to a region of small elasticity or small thickness. This ambiguity can be overcome by measuring the exact thickness at each point or assuming a uniform thickness around the surface.
Inverse problem formulation
Region clustering. The estimation of the stiffness for each element of the mesh implies that the number of variables to estimate is proportional to the number of mesh triangles making the numerical problem ill-conditioned when meshes with a large number of elements are used. The use of the strain maps obtained from measurements can partially solve this problem since a mode of the histogram of these strain maps corresponds to a region characterized by a specific tissue property. Therefore, we propose to recover those regions that are characterized by uniform stiffness with a region clustering technique applied to the strain maps in order to reduce the number of variables at the parameter optimization stage.
Strain is defined as the stretch of a surface element over its original length. For a given displacement field d , the strain tensor is a symmetric matrix composed by the elements ( ) , , ε ε ε ), correspond to the strain in the direction of its maximum variation. Since the aneurysm surface is a quasi-spherical thinwalled object, one can assume that the first and the second principal strains approximate the maximum deformation in the tangential directions, whereas the third correspond to the maximum membrane thinning.
The region clustering will then consist in applying the k-means algorithm [5] to the three strain maps computed from measurements. The optimal number of clusters is automatically obtained with a technique based on cluster silhouettes [6] . The output of this step will be regions composed by the elements of the aneurysm surface mesh having similar strain values in each of the three strain maps. Elements at the border of two regions may be wrongly classified in a given strain map. Hence, the classification provided by the three strain maps is fused (most common value is chosen) to avoid these ambiguities. 
where , represents the Euclidean distance. Hence, the parameter estimation method consists in minimizing φ using the Nelder-Mead simplex method [7] solving for the stiffness parameters of the biomechanical model. The initialization of the algorithm with reasonable values of * E from the literature is required to reduce the number of iterations needed to converge and the risk to get trapped by local minima of φ . We considered the convergence of the optimization stage was reached when the gradient between two successive values of φ was lower than a given threshold.
Digital phantom with patient-specific boundary conditions
The reference measurements needed to evaluate the proposed inverse problem framework are generated through a numerical simulation (forward model) in which three regions of the aneurysm surface (vessel, dome and bleb) and their corresponding stiffness values (
E ) were set according to literature. As described in Section 2, the inverse problem stage then recovers the number and the location of these regions, using the patient-specific measurements provided by the forward problem and iteratively estimating the parameters of the biomechanical model. The robustness of the method in the presence of imprecise measurements is evaluated by adding noise to the deformation fields and strain maps issued from the forward problem simulation. Schweiger et al. [8] proposed a similar evaluation methodology for their inverse problem approach to the estimation of volume change in brain images.
Forward model
The aneurysm mesh, composed by 5136 triangle elements, is obtained segmenting the aneurysm in a patient CTA image using a level-set based method [9] . A volumetric mesh is needed for the fluid-dynamic computation, and it is automatically generated from the surface triangulation using COMSOL, resulting in a 3D mesh with 19,299 tetrahedral elements. Finally, three regions of the surface mesh, representing the arterial vessel, the dome and the bleb of the aneurysm (Figure 1) , were defined.
Literature values of thickness and elasticity of the tissues (see Table 1 ) assessed by histological sampling of the communicating artery (PCoA) [10] have been used for characterizing the mechanical properties of the aneurysm wall. To the best of our knowledge, no in vivo measurements of the ratio between the elasticity and wall thickness of vessel dome and bleb before aneurysm rupture are available in the literature. However, MacDonald [11] showed, in an ex vivo study, that the thickness of different regions of certain aneurysms presented a ratio of around 3. Hence, we assume that the material constituting the vessel is stretched for developing the aneurysm, leading to a reduction (around one fourth) of the thickness ratio between the vessel area and the aneurysm wall. Assuming the elasticity properties of the tissue do not change, this thinning implies a corresponding reduction of the aneurysm wall stiffness. Furthermore, we assumed that the bleb had a weaker wall, thus its Young's modulus was set to one sixth of the dome, as shown in Table 1 . The boundary conditions v ∆ andp ∆ are estimated by measuring the mean velocity variation using a MRA Q-flow technique from a 1.5T Intera MRI scanner (Philips Medical Systems, Best, The Netherlands) and the blood pressure with a brachial sphygmomanometer on the patient, respectively. The gradient between the minimum and the maximum values of the velocity waveform (from 0.18 to 0.38 m/s) and the corresponding pressure measurements (from 97 to 133 mmHg) were employed as boundary conditions. The simulated deformed shape theo sys s and the pressure distribution at the systolic peak were computed by solving the biomechanical equation described in Section 2 using the COMSOL's finite element software. Figure 2 -a illustrates the relative blood pressure between inlet and outlet of the aneurysm at the systolic peak. This figure shows that the pressure distribution is nonuniform and highly influenced by the flow stream patterns and by the impingement jets induced by the patient-specific geometry. The magnitude of the displacements is mapped into the original shape in Figure 2b . 
Parameter estimation
In this stage, the three principal strain distributions (Figure 2c ) are computed from the displacement field generated by the forward model. Sharp gradients correlating with the different region contours appear in the strain maps, which are not visible in the displacement distributions. This is due to the fact that strain measures tissue stretching, which is abrupt where the two tissues connect. The identification of the three different regions with uniform elasticity is consequently achieved applying the region clustering technique described in Section 2.2 to the strain maps.
At the optimization stage, convergence is reached after 60 iterations using the mean value of E as initialization of the stiffness of the three regions. The whole process takes around 15 minutes on a dual-core Pentium IV PC.
The robustness of the region clustering and the parameter optimization was evaluated separately; applying normally distributed random noise of amplitude w to the displacement and strain fields generated by the forward simulation. The clustering technique identify the three regions, and all mesh elements are correctly assigned to the correct region in the absence of noise, as can be seen in Figure  3 -a. When the noise amplitude applied to the strain increases, thus blurring region borders, the robustness of the clustering technique decreases to 85% for the dome and vessel regions and to 75% for the bleb area. Indeed, the clustering errors primarily affect the bleb, and have more influence on the mesh elements lying close to the interface. The error in the estimation of the stiffness in each region of the aneurysm increases linearly with the additive noise applied to the displacement field generated by forward problem simulation (Figure 3-b) and up to 5 mm of noise is lower than 10%. The higher slope corresponds to the estimation of the bleb stiffness since it is strongly affected by the noise applied to the dome, and the vessel itself where the lower simulated displacements are present.
Conclusion and discussion
In this paper a method for the assessment of the elastic properties of cerebral aneurysms using an inverse problem framework and patient-specific boundary conditions is presented. The evaluation of the method accuracy and robustness was performed simulating the reference wall motion and perturbing the measurements with additive noise. Measurement errors primarily affect the regions with lower stiffness since they are characterized by the largest displacements. The estimation of the bleb stiffness becomes unreliable with noise amplitudes larger than two.
Potential clinical applications of this technique such as the identification of weak spots in the vessel wall related to rupture events and the early identification of bleb development may be possible due to the low computational cost of the proposed technique.
Future work will focus on an in vitro validation of the method performed on phantoms. In terms of the model, we will study the incorporation of the anisotropy of the membrane [3] and the use of a different model for forward and inverse problems.
